Abstract. Let D be a bounded convex domain of finite type in C n with smooth boundary. In this paper, we prove the following inequality:
Introduction and statement of results
Let D be a bounded domain in C n with smooth boundary. For z ∈ D let δ(z) denote the distance from z to ∂D. For α > 0, we define a measure dV α on D by dV α = C α δ α−1 dV where dV is the volume element and C α is chosen so that dV α is a probability measure. As α → 0 + , the measures dV α converge as measures on ∂D to the normalized surface measure on ∂D which we denote dV 0 (or sometimes dσ). We will denote the L p space with respect to dV α by L p α , and the associated norm by · p,α . We will denote by A . Let N be a real vector field in a neighborhood of ∂D which agree with the outward unit normal vector field on ∂D. For z ∈ ∂D and t > 0 sufficiently small, say 0 < t < δ 0 , the integral curve of N through z has a unique intersection point with the hypersurface {δ = t}. We call this intersection point z t . For any function f on D we define f t on ∂D by f t (z) = f (z t ) for z ∈ ∂D, and we define means of f by 
In the present setting we do not know whether the estimate in Theorem 1.1 remains valid when 0 < p ≤ 1. If we apply Theorem 1.1 with λ = q, then we get the following result. 
and the inclusion is continuous. These results were first proved by Hardy-Littlewood for the case of the unit disc ( [6] , p. 87). When D is the unit ball and the strictly pseudoconvex domain, the results were proved by Beatrous-Burbea [2] and Beatrous [1] . The key point is the reproducing kernel with right estimate matching quasimetric on ∂D. For the case of convex domains of finite type we use the holomorphic support function with best possible non-isotropic estimates constructed by Diederich-Fornaess [4] .
Reproducing kernels
Throughout, D = {z ∈ C n : ρ(z) < 0} is a smoothly bounded, convex domain of finite type m defined by a real-valued function ρ with convex infralevel sets. The defining function ρ can be chosen in such a way that there exists a neighborhood
in ζ chosen in a suitable neighborhood U of ∂D with the following estimates. For ζ ∈ U let n ζ denote the outer unit vector normal to the level set {ρ = ρ(ζ)} at ζ and let v be any unit vector complex tangential to this level set at ζ. Define
In (5) and (6) 
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Henkin [7] proved the integral representation
, where∂ T Q means the tangential components of∂Q. We define the reproducing kernel
Integral estimates for the reproducing kernels
For z ∈ U and 0 < < 0 we define some sort of boundary distances by
The quantity τ measures the size of the largest complex disc centered at z lying on the line spanned by v that fits in the domain {ζ : ρ(ζ) < ρ(z) + }. 
Since D is finite type m, we have (see [8] )
We can now define the non-isotropic polydiscs at z with radius by
We transform the forms Q(z, ζ) by pulling back to the ζ-variable, obtaining
We write
Then |Q ∧ (∂ T Q) n−1 | is bounded from above by the sum over all terms of the form
where (i 1 , . . . , i n ) is a multi-index with values from {1, . . . , n} and i k = i l for k = l and (j 2 , . . . , j n ) is a multi-index with values in {2, . . . , n} with j k = j l for k = l.
According to Lemma 5.1 of [3] we have
and
By (3.2) and (3.3) each term in (3.1) is bounded by
.
If we put this together into |Q ∧ (∂
For integral estimates we define a family of polyannuli based on non-isotropic polydiscs. We choose a constant C 1 > 0 such that C 1 P /2 (z) ⊃ 1 2 P (z) for > 0 and put for integer i
Then we see that
Lemma 3.1 ([5]). For integer i we have
. Then we get the following estimates.
Proposition 3.2. Let s > 1. Then we have
Proof. We treat only the case (3.6), since the other case (3.7) is similar. We denote
For z ∈ ∂D we write z t = ζ + µ n zt + λ v. Then we have from (2.1) that
Since and hence the only singularity of K t (z, ζ) occurs for ζ = z t . Thus I(∂D) ≤ C if t ≥ δ 0 and I(∂D \ V ) ≤ C for some small neighborhood V of z t . Hence it is enough to prove that for fixed 0 > 0 and small t > 0
For fixed z ∈ ∂D we define ρ = |ρ(z t )| ∼ t and then split the polydisc P 0 (z t ) into the two parts P ρ (z t ) and P 0 (z t ) \ P ρ (z t ). Remember that P ρ (z t ) \ {z t } can be covered by (3.4) , it follows that 
Thus we get
To estimate the integral over P 0 (z t ) \ P ρ (z t ) we use the covering by
. By (3.4) and (3.5), we have
Thus we get I(P 0 (z t ) \ P ρ (z t )) ≤ By (3.9) and (3.10), we proved the required estimate (3.8).
Proofs of main results
For f ∈ L 1 (∂D; dσ) we define 
